Using six kinds of lattice types ͑4 ϫ 4, 5 ϫ 5, and 6 ϫ 6 square lattices; 3 ϫ 3 ϫ 3 cubic lattice; and 2+3+4+3+2 and 4+5+6+5+4 triangular lattices͒, three different size alphabets ͑HP, HNUP, and 20 letters͒, and two energy functions, the designability of protein structures is calculated based on random samplings of structures and common biased sampling ͑CBS͒ of protein sequence space. Then three quantities stability ͑average energy gap͒, foldability, and partnum of the structure, which are defined to elucidate the designability, are calculated. The authors find that whatever the type of lattice, alphabet size, and energy function used, there will be an emergence of highly designable ͑preferred͒ structure. For all cases considered, the local interactions reduce degeneracy and make the designability higher. The designability is sensitive to the lattice type, alphabet size, energy function, and sampling method of the sequence space. Compared with the random sampling method, both the CBS and the Metropolis Monte Carlo sampling methods make the designability higher. The correlation coefficients between the designability, stability, and foldability are mostly larger than 0.5, which demonstrate that they have strong correlation relationship. But the correlation relationship between the designability and the partnum is not so strong because the partnum is independent of the energy. The results are useful in practical use of the designability principle, such as to predict the protein tertiary structure.
I. INTRODUCTION
Nature proteins fold into unique compact structures in spite of the huge number of possible conformations. 1 For most single domain proteins, each of these native structures corresponds to the global minimum of the free energy.
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The study of protein folding is fundamental in both theory and applications. A variety of models have been proposed to explain the protein folding problem. Based on the HP model, the concept of designability of protein structure has been introduced. 3 The number of sequences which determines the structure as the unique ground state is called the designability of this structure. When many protein sequences have a common native structure, one can say that the structure is highly designable. The highly designable structures are, on average, thermodynamically more stable than other structures. 3 We will introduce the concept of stability to elucidate the designability of protein structure in this paper.
There have been many studies trying to account for the designability of protein structure. Li et al. 4 employed a simple solvation model leading to a geometrical formulation of the protein folding problem and they found that the highly designable structures are atypical. Wang and Yu 5 proposed a quantity called partnum ͑partition number͒ of each compact structure to explain the difference of designability of protein structures. The protein sequences that have the highly designable structures as their native structure also fold fast on average which is measured by the Z score ⌬ / ⌫, ⌬ being the average energy difference between the native and excited states, and ⌫ being the width in energy of the excited states.
Jernigan ͑MJ͒ matix 13 to compute the designability and discuss the effect of the alphabet size to the designability.
We may question whether these elucidations are artifacts as ͑i͒ they only use two letters ͑H and P͒ to represent the 20 amino acids; 3, 5 ͑ii͒ they only use square and cubic lattices and do not consider other types of lattices such as triangular lattice as there exists the so-called even-odd problem in the square and cubic lattices; [3] [4] [5] 11 and ͑iii͒ they only consider the contact interactions when calculating the energy of certain structures. 3, 4 But the local interactions may contribute to the free energy of the native state of protein.
14 Consequently, we will ask the following:
• Are there highly designable structures which are applicable to other lattice types, alphabet sizes, and energy functions?
• If such structures do exist, what is the relationship between designability, stability, and partnum?
• How to define the foldability of protein structure and what is its relationship with the designability?
In this paper, the definitions of designability, stability, foldability, and partnum of protein structure are given. We calculate these four quantities using six types of lattices ͑4 ϫ 4, 5 ϫ 5, and 6 ϫ 6 square lattices; 3 ϫ 3 ϫ 3 cubic lattice; and 2+3+4+3+2 and 4+5+6+5+4 triangular lattices͒, three different size alphabets ͑HP, HNUP, and 20 letters͒, and two energy functions ͑36 cases altogether͒ via the random sampling method when the chain is too long or the number of compact structures is too large to completely enumerate. Then the relationships between designability and the three other quantities are studied by their correlation coefficients. The effect of the alphabet size, lattice type, and energy function on the designability and the relationship between designability and the three other quantities are discussed.
II. METHODS AND MODELS

A. Lattice type
There are many types of lattices; we only consider the square lattice, cubic lattice, and triangular lattice in this paper. They are shown in Fig. 1 .
Because of the limitation of computing power, 3, 15 we can only use short chains ͑less than 36͒ and small lattice size ͑smaller than 6 ϫ 6͒. In this article, we adopt the 4 ϫ 4, 5 ϫ 5, and 6 ϫ 6 square lattices; 3 ϫ 3 ϫ 3 cubic lattice; and 2 +3+4+3+2, 4+5+6+5+4 triangular lattices in the computations. We use cubic, tri.1, and tri.2 to represent the 3 ϫ 3 ϫ 3 cubic, the 2+3+4+3+2 triangular, and the 4+5+6+5 + 4 triangular lattices, respectively.
B. Alphabet size
The nature proteins are made of 20 amino acids and 20 letters are often used to represent them ͑A, I, L, M, F, P, W, V, D, E, N, C, Q, G, S, T, Y, R, H, and K͒. 16 Sometimes, as it is too complex to calculate, the 20 amino acids are designated into two groups by their affinities for water. A wellknown model of protein sequences is the HP model. 17 In this model, the 20 kinds of amino acids are divided into two groups: hydrophobic ͑H͒ ͑or nonpolar͒ and polar ͑P͒ ͑or hydrophilic͒. But the HP model may be too simplistic and lacks sufficient information on the heterogeneity and complexity of the natural set of residues. 18 According to Brown, 16 in the HP model, one can divide the polar class into three classes: positive polar, uncharged polar, and negative polar. This model, which is called the detailed HP model, [19] [20] [21] provides more information than the HP model. The eight residues A, I, L, M, F, P, W, and V designate the hydrophobic class; the two residues D and E designate the negative polar class; the seven residues N, C, Q, G, S, T, and Y designate the uncharged polar class; and the remaining three residues R, H, and K designate the positive polar class. 16 We use four letters ͑H, N, U, and P͒ for their representation: H represents the hydrophobic class, N the negative polar class, U the uncharged polar class, and P the positive polar class. The three models of protein sequences ͑20 letters, 4 letters, and 2 letters͒ are represented by MJ, HNUP, and HP, respectively.
C. The formation of compact structure for certain protein sequences
Because of the compact structure of globular proteins and the volume effect, 22, 23 we only consider the compact self-avoiding walk 23 which is in fact the well-known Hamiltonian path in the graphic theory. Once we fix the lattice type and the alphabet size of the protein sequence, we can enumerate all the possible maximally compact structures. For example, supposing that we have fixed the 5 ϫ 5 square lattice and HP alphabet size, we can find all the possible compact structures using the computer. 15 A protein sequence is specified by a choice of monomer type at each position on the chains ͕␦ i ͖, where ␦ i can be either H or P, and i is a monomer index. A structure is specified by a set of coordinates for all the monomers ͕␥ i ͖. Examples of such compact structures in a 5 ϫ 5 square lattice, a 2+3+4+3+2 triangular lattice, and a 3 ϫ 3 ϫ 3 cubic lattice are shown in Fig. 1.   FIG. 1 . The three lattice types and the corresponding compact structures of three sequences based on the HP model. ͑a͒ 5 ϫ 5 square lattice, ͑b͒ 2 +3+4+3+2 triangular lattice, and ͑c͒ 3 ϫ 3 ϫ 3 cubic lattice. The black beads and the white beads represent the H monomer and the P monomer, respectively.
D. Energy
There are many different methods in measuring the free energy of a protein sequence folding into a particular structure. 3, 4, 13, 14, 24, 25 The following energy function has been used by Irbäck and Sandelin:
where
Here ⌬͑␥ i − ␥ j ͒ =1 if ␥ i and ␥ j are adjoining lattice sites but i and j are not adjacent in position along the chain and ⌬͑␥ i − ␥ j ͒ = 0 otherwise. E L represents the total local interaction energy and E G represents the total contact energy. The contact energy E ␦ i ␦ j depends on the monomers in contact. For example, if we use the HP model, they are E HH , E PH , E HP , and E PP corresponding to H-H, P-H, H-P, and P-P contact energies, respectively. The parameter i represents the bend angle formed by sites ␥ i−1 , ␥ i , and ␥ i+1 , and it takes a value from the set ͕0, /2͖ for the square and cubic lattices and from ͕0, /3,2 /3͖ for the triangular lattices. N is the chain ͑sequence͒ length. The remaining parameter determines the strength of the local interactions. We will discuss two situations of ͑ =0,0.3͒ in this paper to show the effect of local interactions. When we set = 0, it is just the energy function used in Ref. 3 . When we compute the energy using the HP model, the four ͑2 ϫ 2͒ contact energies are E HH = −2.3, E PH = E HP = −1, and E PP = 0, which have been used by Li et al. 3 For the 20-letter model, the 400 ͑20ϫ 20͒ contact energies are taken from the MJ matrix. 13 For the detailed HP model, we use the MJ matrix to deduce the contact energies. In order to reduce the complexity, we first rearrange the MJ matrix according to the four classes of amino acids and then calculate the average values as the 16 ͑4 ϫ 4͒ interaction energies between the four classes of amino acids. The results are listed in Table II as the HNUP matrix. In order to make sure our computing methods are not artifacts, we use the same method to calculate the interaction energies in the HP model from the HNUP matrix to see whether they satisfy the two conditions proposed by Li et 
E. The three quantities used to account for designability
In this paper, we make use of the following three quantities to elucidate the designability of protein structure: stability ͑average energy gap͒, foldability, and partnum.
Designability. Given a sequence, we compute its energy when it folds into certain structure using Eq. ͑1͒. If there are a total of T structures unrelated by rotational and reflection symmetries altogether in a certain lattice ͑e.g., 1081 in a 5 ϫ 5 square lattice͒, we will get T energies. If the lowest energy is unique, we say that the corresponding structure is the native structure for this sequence. Given certain structure S, we denote by N S the number of sequences that have S as their native structure. Then N S is defined as the designability of this structure by Li et al. 3 There may be some structures with large N S ͑i.e., high designability͒ and some structures with small N S ͑even zero͒ ͑i.e., low designability͒. 3 We attempt to account for such difference in the designability of protein structure in this paper.
Stability. Are the highly designable structures, on average, thermodynamically more stable than other structures?
For a given sequence, the energy gap ␦ is defined as the minimum energy required to change the ground-state structure to a different structure. 3 That is to say ␦ is the difference between the unique lowest energy and the second lowest energy considering the lowest energy is unique. The stability of a structure S can be characterized by the average energy gap ͑␦ S ͒, averaged over the N S sequences that design the structure. 3 The larger the average energy gap is, the more stable one structure is and we say its stability is higher. Here
where E 0 denotes the lowest energy, E 1 the second lowest energy, and ͗·͘ the average value over the N S sequences that have structure S as their common native structure.
Foldability Using the concepts used in the physics of spin glasses, Bryngelson and Wolynes 26, 27 considered that two thermodynamic transitions are possible in a protein: one to the fold state at a temperature T f and the other to a glass state at a temperature T g . The ratio T f / T g is a measure of how fast a given sequence can fold into its native structure. 9, 10, 26 The larger the ratio is, the faster the sequence will fold into its native structure. In the random energy model, 28 T f / T g can be expressed as a monotonically increasing function of the Z score 29 
where ⌬ denotes the average energy difference between the native and the excited states, and ⌫ denotes the width in energy of the excited states. 6 The Z score for a given sequence is also called foldability. [8] [9] [10] The following definitions have been used by Mélin et al.:
where E ␣ ͑␣ Ͼ 0͒ denotes the energies of the excited compact structures, E 0 is the lowest compact state energy, and N C is the number of excited compact structures. Notice that the foldability defined above is used to measure how fast the protein will fold, but our motivation here is to account for the designability of structures. It is necessary to transform such definition for structures. Inspired by the idea of average energy gap characterizing the stability of a structure introduced by Li et al., 3 in this paper we propose the conception of foldability of certain protein structure S. It is defined as the average Z score, averaged over the N S sequences that have the structure S as their common native state.
Foldability of certain structure S = ͗Z score͘, ͑9͒
where ͗·͘ denotes the average value of Z scores over N S sequences having structure S as their common native state. Partnum Wang and Yu 5 proposed a quantity called partnum to explain the difference of designability of protein structure. Given one structure S, if the chain length is N, then there are N − 1 steps during the self-avoiding walk. If the ith step has a total of C acceptable choices not being symmetrically related, then this step gives a number called partnum of the ith step p i =ln͑1/C͒. Adding all the N − 1 numbers and then dividing the sum by N − 1, we get the partnum P of the structure S,
It is sequence independent and is easy to compute as it does not need to consider the interaction detail.
III. RESULTS AND DISCUSSION
First, we find all the compact structures ͑Hamiltonian paths͒ of a certain lattice. Using the back-trading algorithm, we can enumerate all the compact structures unrelated by rotational and reflection symmetries. As proteins are produced successively from one end to another, 5 we do not consider the reverse-labeling symmetries of structures here. Such symmetry type has been considered in Refs. 3 and 30 to decrease the total number of compact structures. So there are eight kinds of symmetry in the square lattice, 48 in the cubic lattice, and 4 in the triangular lattice. 27, 31 After excluding all the symmetries, the total number of compact structures for these lattices are listed in Table IV Second, we calculate the designability, stability, and foldability of protein structure. For a given protein sequence, we compute the energies of the T different compact structures using Eq. ͑1͒. If the lowest energy for certain structure S is unique, we say that the native state of the sequence is S and the energy gap ␦ and Z score of this sequence can be calculated at the same time using Eqs. ͑4͒ and ͑6͒, respectively. Otherwise, the sequence is said to be degenerate. 3, 30 The designability of certain structure can be calculated with the definition in Sec. II E and we denote it by N S . The stability and the foldability can be calculated from Eqs. ͑5͒ and ͑9͒, respectively. Then we can discuss the relationship between designability and the two quantities stability and foldability. The correlation coefficient 32, 33 is a good tool in studying the relationship between two variables, which has been used by Wang and Yu in Ref. 5 ,
where ͚x i y i is the sum of the products x i y i for each of the n pairs of measurements, S x and S y are the standard deviations of random variables X and Y, S xy is the covariance between X and Y, and r is then the correlation coefficient between X and Y. 32 The closer the value of r is to 1 or −1, the stronger the linear relationship is between the two variables. 32, 33 We will use Eqs. ͑11͒ and ͑12͒ to calculate the correlation coefficients between the designability and the three other quantities defined in Sec. II E.
As the total structures or the protein sequences are too large to completely enumerate, samplings of structures and sequences are used in the computing. We use the sampling method in Refs. 3 and 14 to sample the structure. As to the sampling of sequence space, there are many kinds of methods we can use.
3,4,12,14,34-37 A general sampling method of the sequence space is the random sampling ͑RS͒ which has been used in Refs. 3, 4, 12, and 14. It was shown that in order for a sequence to fold into a given target structure, its energy in that structure should follow below a certain threshold E c . [38] [39] [40] In fact, the sequence space is too vast and many sequences will not have a particularly low energy ͑below E c ͒ in a given structure. For a given structure, low energy sequences are so rare that they will not be sampled at all unless the search of sequence space is biased toward these sequences. Therefore in order to sample the sequence with low energy, we can set an energy threshold E c first and then sample the sequences. The problem we must face is how to decide the energy threshold E c . Shakhnovich 39 gave out an estimation of E c
where E m and J are the mean and standard deviation of the energies, respectively, and ␥ is the number of conformations per monomer.
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Before we start to sample the sequences, we have to estimate the value of E m and J. For such estimation, we sample 10 3 random sequences first and then use them to estimate the value of E m and J. After E c is calculated with Eq. ͑13͒, we can start to sample the sequences according to that threshold. The sampling method contains three steps, mainly: ͑step 1͒ generate a sequence randomly; ͑step 2͒: calculate the energy E t on the target structure; ͑step 3͒: compare E t with the threshold E c . If it is smaller than E c , such sequence will be sampled; otherwise, the sequence will be excluded. ͑step 4͒ Repeat from step 1 to step 3 until the total number of sampling sequences is achieved. Such sampling 
method can be seen as common biased sampling ͑CBS͒ as some sequences might be excluded during the sampling process. The total number of sampling structures and sequences for each structure are shown in Table V , which are denoted by n 1 and n 2 , respectively. In the calculations there are many conditions to be considered.
• The strength of the local contact energy. We choose = 0 , 0.3 when computing the energy using Eq. ͑1͒ to discuss the effect of local energy.
• The lattice types: 4 ϫ 4, 5 ϫ 5, and 6 ϫ 6 square lattices; 3 ϫ 3 ϫ 3 cubic lattice; and 2+3+4+3+2 and 4+5+6 +5+4 triangular lattices. We use these six kinds of lattices to compute the corresponding quantities to discuss the effect of lattice type and chain length.
• The alphabet size: HP model, detailed HP ͑HNUP͒ model, and the 20-letter ͑MJ͒ model. We use these three kinds of alphabet sizes to compute the corresponding quantities to discuss the effect of alphabet size.
Of course, the above three conditions can be integrated in the computation, with 2 ϫ 6 ϫ 3 = 36 different situations altogether.
The designability in the 12 situations ͑detailed HP model, = 0 , 0.3, all lattice types͒ are shown in Fig. 2 . The designability in different situations ͑36 altogether͒ are shown in Table VI . From Fig. 2 and Table VI we can see that ͑i͒ the designability is much larger obviously in the condition = 0.3 than in the condition = 0 as there are more structures contributing to the longer tail of the distribution, 3 which can be seen from Fig. 2 . In addition, the largest N s ͑LN͒ are all larger in the former condition than those in the latter shown in Table VI . ͑ii͒ The local interactions reduce the degeneracy ͓i.e., the ratio of the number of sequences which have nondegenerate ground states increases measured by NDR defined by ͑14͔͒
where n 2 is total number of the samplings of the sequence for the structure with the highest designability LN. NDR represents the ration of the sequences that are not degenerate for the target structure with the highest designability. From Table  VI , we can see the values of LN and NDR are different for different lattice types, alphabet sizes, and values of . So we conclude that the designability is sensitive to lattice type, alphabet size, and energy function. The designability against the stability in six of the situations ͑20-letter model, = 0, all lattice types͒ is shown in Fig. 3 . The lines in the figures are the fitting results of the data. From the figure we can see that the larger the designability is, the larger the stability is. It indicates that the highly designable structure must be highly stable at the same time.
From an evolutionary point of view, Li et al. 3 speculate that highly designable structures are more likely to have been chosen through random selection of sequences in the primordial age and such structures are stable against mutations. This explanation is in fact in line with Darwin's evolution theory of species. It is one application of the natural selection principle in protein tertiary structures. The protein sequences do not necessarily have the same structure S as their common native state in the primordial age. But other structures are not as stable as S and can be easily replaced by this structure S according to the principle of survival of the fittest. As a result, the structure S is highly designable and thermodynamically stable at the same time. The results in the other situations are listed in Table VII . From Table VII , we can see that the correlation coefficients between designability and stability are clearly larger than zero in most situations. For two variables, the larger their correlation coefficient is the better the linear relationship between them is. 32,33 So we can conclude that the designability and the stability have good linear relationship.
Third, we calculate the partnum using Eq. ͑10͒ independently ͑i.e., without considering the interaction detail͒ and compare it with the designability. The designability against the partnum in six of the cases ͑20-letter model, = 0, all lattices͒ is shown in Fig. 4 . From the figures we can see that generally the larger the designability is, the larger the partnum is. Notice that the correlation coefficients between the designability and the partnum in the square and cubic lattices are all larger than 0.4 in the HP model when = 0, which can be seen from Table VII . This is just the situation which has been discussed in Ref. 5 and our results are in line with that. After getting similar results, Wang and Yu 5 constructed one hierarchical tree to demonstrate that the path of a walk meeting with fewer branches has larger partnum. They assumed that there existed a random process which selected out only the structures with the largest partnum. However, when the alphabet size increases, the correlation coefficients decrease.
When we consider the local interactions ͑i.e., = 0.3͒, the correlation coefficients between the designability and the partnum change. We give a possible reason to explain such a phenomenon as the following. Considering the local interactions means that the information contained in the designability of structure S increases. Because in the calculation of the partnum, we do not need to consider the energy, the partnum is independent of the energy. Hence the information in the partnum is invariable. This leads to the nonsymmetry of information contained in the two quantities from the information theory 41 aspect. As a result, the correlation coefficients between them will change when the local interactions are considered. From Table VII, we can see that the correlation coefficients between the designability and the partnum are smaller than that between the designability and the stability in most cases ͑except for the two cases: 2+3+4+3+2 triangular lattice, HP model, =0,0.3͒.
The designability against the foldability in six of the situations ͑detailed HP model, = 0.3, all lattices͒ is shown in Fig. 5 . From the figures we can see that the larger the designability is, the larger the foldability is as a whole. The physical meaning of the foldability of structure S is to measure how fast the protein sequence will fold into that target structure S. Therefore, this phenomenon can also be explained similarly as that in the stability. The correlation coefficients between the designability and the foldability in most cases are larger than 0.5, as shown in Table VII. Noting that the corresponding correlation coefficients in the 2 + 3 +4+3+2 triangular lattice ͑ =0,0.3͒ are negative ͑−0.70 and −0.53͒ in the HP model, it might indicate that the HP model is too simple for protein structure in triangular lattice when the chain length is too short.
From Table VII , we can also see that the correlation coefficients for the triangle lattices are not stable with the alphabet size like the square and cubic lattices; this may possibly be caused by their different bending angles. After the comparison of Figs. 3-5, we find that the linear fit between the designability and partnum is much worse than that between the designability and the other two quantities ͑i.e., the stability and foldability͒. It is easy to be understood because in the definitions of the designability, stability, and foldability we considered the same energy. But in the definition of the partnum, we do not consider any energy. So the partnum characterizes different aspects of the lattice model compared with the designability, stability, and foldability. This may also be the reason which causes the correlation coefficients C NP between the designability and partnum to be unstable for different lattice types and alphabet sizes in Table  VII. TABLE VII. The correlation coefficients in different situations. The C NS , C NP , and C NF represent the correlation coefficients between the designability and the stability, the partnum, and the foldability, respectively. Fourth, we consider more values of in Eq. ͑1͒ to see the effect of the strength of the local interaction on the designability and the relationship between it and the stability, partnum, and foldability. But because of the limitation of computing power, we only consider here the 5 ϫ 5 square lattices based on the detailed HP model. We discuss 23 values of ranging from −2.75 to 2.75. The numbers of sampling structures and protein sequences are the same as that we have used in the previous corresponding calculating ͑i.e., 1081 structures and 50 000 sequences for each structure͒. In the sampling of sequence space, we use the CBS methods as above.
The two quantities used in Table VI ͑LN and NDR͒ are plotted against in Fig. 6 . From the figures, we can see that the above two quantities all attain the smallest values when k = 0. Therefore, we can conclude that the local interactions make the designability higher and make the degeneracy ratio of protein sequences lower. Similar results have also been reported in Ref. 14. In general the larger the absolute values of are ͑corresponding to a stronger local interaction͒, the more obvious such effects are, which can be seen from Fig. 6 .
The correlation coefficients between the designability and the stability ͑C DS ͒, partnum ͑C DP ͒, and foldability ͑C DF ͒ for different values of are shown in Fig. 7 . The values of C DS are all larger than 0.5, which shows that the designability and the stability have good linear relationship. Except for one point with = 0.25, the values of C DF are also larger than 0.5, which shows that the designability and the foldability also have good linear relationship. But the values of C DF are smaller than the values of C DS in most cases showing that the linear relationship between the designability and the foldability is not as good as that between the designability and the stability. In addition, from Fig. 7 we can see that the correlation coefficients between the designability and the partnum ͑C DP ͒ are smaller than that between the designability and the stability ͑C DS ͒ and foldability ͑C DF ͒. This is in line with the results we have got above. Based on Fig. 7 , we can conclude that the stability is the best predictor of the designability, the foldability is the second best, and the partnum is the third. Although these discussions of local interactions are constrained to the 5 ϫ 5 square lattice and the detailed HP model because of the limitation of computing power, such discussions can be done in other situations and similar results may hold. Table VII. FIG. 6. The effect of the strength of local interactions ͑͒ to the two quantities ͑LN and NDR͒ used in Table VI for the 5 ϫ 5 square lattice based on the detailed HP model. It suggests that the local interactions make the designability higher and reduces degeneracy. Now, let us give a short summary for the above calculation process. First, we enumerate all the compact structures unrelated by symmetry in certain lattice type. The total number of structures is denoted by T. Then after the alphabet size and the strength of local interaction ͑i.e., the value of ͒ are fixed, we can calculate the four quantities according to the following steps.
Step 1: sample n 1 structures from the T structures; step 2: select one target structure S from the n 1 structures and calculate its partnum; step 3: sample ͑design͒ n 2 sequences for the target structure S; step 4: calculate the three quantities ͑designability, stability, and foldability͒ of structure S with the n 2 designed sequences; step 5: repeat from step 2 to step 4 until the four quantities for all the n 1 structures are calculated.
Lastly, we discuss the effect of the sampling method on the results. That is to say, we will sample ͑design͒ sequences for each target structure with other methods ͑i.e., step 3 above͒.
The above calculations are all based on the common biased sampling of sequence space. However, in the lattice model of protein structure, a usual sampling method of sequence space is RS. 3, 4, 12, 14 Fig. 8 . From  Fig. 8 , we can see that the designability calculated with the CBS method is much higher than that with the RS method.
The corresponding results in all the 36 cases considered above are listed in Tables VIII and IX. Comparing Table VI with Table VIII , we find that the designability in all the considered cases calculated with the CBS method is higher than that with the RS method, and the CBS method reduces degeneracy. From the Tables VII and IX, we see that correlation coefficients calculated with the two methods have some FIG. 7 . The effect of the strength of local interactions ͑͒ to the correlation coefficients between the designability and the stability ͑C DS ͒, partnum ͑C DP ͒, and foldability ͑C DF ͒ for the 5 ϫ 5 square lattice based on the detailed HP model. The correlation coefficients are sensitive to the value of =0. It also suggests that the stability and the foldability are better than the partnum for measuring the designability. Coef. in the figures and NOS for the y axis represents the correlation coefficient between those two corresponding quantities and the number of structure, respectively. Compared with the RS method, the CBS and the MMCS methods both make the designability higher. The correlation coefficients seem to be sensitive to the sampling method. But for the stability, the three correlation coefficients are all larger than 0.85, which suggests that the stability is the best predictor of the designability.
changes. But as a whole, the RS method also suggests that the four quantities ͑designability, stability, foldability, and partnum͒ have similar relationships as those discussed for the CBS method above. In order to reproduce biased samplings for the design of sequences for certain target structure, we can also consider using the Metropolis Monte Carlo sampling 35 ͑MMCS͒ method into the search of sequence space which has been used in Refs. 34, 36, and 37. Such method can be described as following: ͑step 1͒ fix temperature T sel and amino acid composition; ͑step 2͒ generate a random sequence; ͑step 3͒ calculate the energy of the sequence E old when it folds into the target structure; ͑step 4͒ random switch between two compositions along the amino acid sequence to generate a new sequence ͑such switch can keep the amino acid composition unchanged͒; ͑step 5͒ calculate the energy of the new sequence E new when it folds into the target structure; ͑step 6͒: compare the two energies ͑E old and E new ͒. If E new Ͻ E old , the switch is accepted and the sequence becomes the new one; otherwise, the Metropolis criterion 35 is used to decide whether the switch is accepted or rejected. ͑step 7͒: Repeat from step 3 to step 6 until the number of Monte Carlo steps is arrived. For a fixed temperature and amino acid composition ͑i.e., step 1͒, we can generate many different sequences to start ͑i.e., step 2͒. The Metropolis criterion is the following: a switch is accepted if e −͑E new −E old ͒/T des is larger than a random number uniformly distributed between 0 and 1.
But after trying with such a method, we found that it was time consuming for the computer to fulfill the task of the sequence sampling. Therefore, we only gave out the corresponding results calculated by the MMCS method in one of the cases ͑20-letter, 3 ϫ 3 ϫ 3 cubic lattice, and =0͒. In the sampling process, the temperature we select lies between 0.1 and 1.2 and the number of Monte Carlo steps is 10 5 . For a fixed temperature and amino acid composition, the number of different random generated sequences is 10 2 . The results are given in Fig. 8 for comparison with the above two different sampling methods. It also shows that the MMCS method makes the designability higher compared with the RS method.
IV. CONCLUSIONS
Let us now summarize our answers to the three questions raised in the Introduction. ͑i͒ On introducing the definitions of the designability, stability, and partnum and defin- ing the foldability of protein structure, we calculate these four quantities based on random samplings of structures and common biased sampling of protein sequence space because of the limitation of computing power in 36 different situations. Whatever the type of the lattice, the alphabet size and energy function are used, there will be an emergence of highly designable ͑preferred͒ structure. Such similar result has been achieved by Li et al. 3 based on the HP model and it is enhanced by our conclusions as ours are based on more different lattice types, alphabet sizes, and energy functions. The local interactions reduce degeneracy and make the designability higher.
11 ͑ii͒ There are strong correlation relationships between the designability and the two quantities of stability and foldability. This may be the result of competition: nature will select the highly stable and foldable structure and other structures will be eliminated during the evolution contributing to the emergence of preferred ͑i.e., highly designable͒ structure. 3, 5 This seems to be the application of Darwin's evolution theory in the selection of protein tertiary structure. Compared with this, the correlation relationship between the designability and the partnum is not so strong because the partnum is independent of the energy. ͑iii͒ The designability is sensitive to the lattice type and the alphabet size and the energy function ͑i.e., considering the local interaction or not͒. Consideration of the local interaction energy makes the designability higher and the corresponding correlation coefficient change. The correlation coefficients between the four quantities suggest that the stability is the best predictor for designability, the foldability stands in the second, and the partnum is relatively worse compared with the first two quantities. But for the square lattices, the partnum is also a good candidate in measuring the designability based on the HP model when we do not consider the local interactions, which is just the situation considered in Ref. 5 and our conclusion is in line with that in it.
Comparisons between the results calculated from the two different sampling methods of sequence space ͑CBS and RS͒ suggest that the CBS make the designability higher and reduces degeneracy. The correlation coefficients between the four quantities are sensitive to the sampling methods. But as a whole, similar conclusions can be made from the two different sampling methods. The MMCS method also makes the designability higher in the considered case ͑20-letter, 3 ϫ 3 ϫ 3 cubic lattice, and =0͒.
These conclusions seem to be useful when we put the designability principle into practical use ͑such as to predict the protein tertiary structure and protein design͒, as we can consider the three quantities of stability, foldability, and partnum together to get much more meaningful information.
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